Abstract. We develop some pluripotential theoretic techniques for the transversally holomorphic foliation of a Sasakian manifold. We prove the convexity of the K-energy along weak geodesics for Sasakian manifolds. This implies that the K-energy is bounded below if a constant scalar curvature structure exists with those metrics minimizing it. More generally, a relative version of the Kenergy is convex, and bounded below if there exists a Sasaki-extremal metric, providing an important necessary condition for Sasaki-extremal metrics. Another application is a proof of the uniqueness of Sasaki-extremal metrics for a fixed transversally holomorphic structure on the Reeb foliation.
Introduction
There has been a renewed interest in Sasakian geometry recently from two sources. First, they have provided a very good source of new examples of Einstein manifolds [12, 10, 33] and the survey article [43] . Second, they play a crucial role in the AdS/CFT correspondence [1, 35, 37, 36] , which is a proposed duality between string theory on an odd dimensional Einstein manifold and conformal field theory. It is also worth mentioning that metric cones over Sasakian manifolds arise as the tangent cones at infinity of non-compact Calabi-Yau manifolds with Euclidean volume growth [26, 22] .
These new results have been facilitated by the fact that a Sasakian manifold is an odd dimensional contact analogue of a Kähler manifold, both the metric cone over the manifold and the transversal space to the Reeb foliation have natural Kähler structures, so many of the techniques used in Kähler geometry are applicable. In particular, one expects that much of the results in Kähler geometry related to the program proposed by S. Donaldson [24, 25] , which was conjectured earlier by S.-T. Yau [48] , will hold for Sasakian manifolds, in which the existence and uniqueness of constant scalar curvature Kähler metrics is considered as a problem in infinite dimensional geometric invariant theory. Much of the work was done earlier and independently by T. Mabuchi, and S. Semmes [34, 42] , in which the space of Kähler metrics H in a given Kähler class was shown to have a natural weak Riemannian structure and Riemannian connection. The role of the Kempf-Ness functional in finite dimensional geometric invariant theory is played by the K-energy on H. It was observed by S. Donaldson that the existence of geodesics in H would lead to a proof of uniqueness of constant scalar curvature metrics in H and some sort of convexity of the K-energy should provide necessary and sufficient for existence. Unfortunately, smooth geodesics are not known to exist in H. But X. X. Chen (1) Cal M,ξ (φ) :
where dµ φ = (ω T +dd c φ) m ∧η. As in the Kähler case, extremal metrics are constant scalar curvature precisely when the transversal Futaki invariant vanishes. Thus it enlarges the cases in which a canonical metric exists. There has been much research on Sasaki-extremal metrics recently. See [9, 14, 15, 16] for some recent work. This article will provide the useful uniqueness result and obstructions involving the K-energy. Thus, when they exist Sasaki-extremal metrics provide a canonical Sasakian metric for a given transversely holomorphic foliation. But from work in the Kähler case, we know that such metrics will not always exist.
The central result is convexity of the K-energy along weak C 1,1 geodesics, denoted C
1,1
w . See the definition before Theorem 2.4.1. As in [19] we can extend the K-energy M : H → R to H 1,1 , where H 1,1 is the space of transversal Kähler potentials φ ∈ C 1,1 w , weak C 1,1 , with ω T + dd c φ ≥ 0. Let φ 0 , φ 1 ∈ H, where we consider H to be the space of smooth transversal Kähler potentials. Let φ t , 0 ≤ t ≤ 1, be a weak C 1,1 geodesic, that is φ ∈ C The proof of Theorem 1 involves pluripotential theoretic arguments on the transversal space to the Reeb foliation. Much of § 2 is spent developing the necessary background on transversal plurisubharmonic functions, currents, and MongeAnpère operators on the transversal space. Much of this work is of independent interest, such as weak continuity of the transversal Monge-Anpère operator and a strong maximal principle. The latter give uniqueness for weak geodesics that are only assumed to be continuous. These results hopefully will provide a useful framework for future work in Sasakian geometry along the lines of the analytical approaches to Kähler geometry such as [4, 6] .
In § 3 we define the energy functionals on the space of potentials that will be needed to define the K-energy M on weak potentials and in proving Theorem 1. Theorem 1 is proved in § 3.3. The main part of the proof is proving that M(u τ ) is weakly subharmonic in τ ∈ D ⊂ C when {u τ } is a weak geodesic in the domain D.
An important application of Theorem 1 is the proof of uniqueness of constant scalar curvature Sasakian (cscS) structures modulo diffeomorphisms preserving the transversely holomorphic foliation. We denote by S(ξ, J) the space of Sasakian structures with Reeb vector field ξ and transversely holomorphic structure J. Let Fol(F ξ , J) be the group of diffeomorphisms preserving the Reeb foliation F ξ along with its transversely holomorphic structure. Thus any metric with constant scalar curvature minimizes the K-energy. Furthermore, by Corollary 2 in this case the K-energy achieves its minimum precisely on the orbit of Fol(F ξ , J).
More generally we consider Sasaki-extremal structures. When considering Sasakiextremal structures it is useful to consider a modified or relative version of the K-energy M V . Let G ⊂ Fol(F ξ , J) be a maximal compact connected subgroup, and (g, η, ξ, Φ) be G-invariant. Then M V is restricted to the space H G of Ginvariant potentials and has critical point precisely the potential corresponding to Sasaki-extremal structures. Here V denotes the extremal vector field which is a transversely holomorphic vector field which depends only on the choice of maximal compact group.
Using the convexity of M V along weak geodesics we are able to prove the uniqueness of Sasaki-extremal structures modulo Fol(F ξ , J). an extremal structure. Thus a Sasaki-extremal structure is a minimum of the relative K-energy M V . Corollary 3 and Corollary 5 provide interesting obstructions to the existence of cscS and Sasaki-extremal structures. The existence of a cscS (respectively Sasaki-extremal) structure requires that the K-energy (respectively relative K-energy) is bounded below and that it achieves its minimum.
Both uniqueness results Corollary 2 and Corollary 4 are a consequence of the convexity of M and M V along weak geodesics. But since these functionals are not known to be strictly convex an additional deformation technique is needed to prove these results. This is done in § 4. This involves deforming M by adding a strictly convex functional
Using an implicit function theorem argument we prove that M tµ has a path of critical points φ t ∈ H for t ∈ [0, ǫ) for a particular potential φ 0 in the orbit of a cscS metric. This is proved in Proposition 4.3.1. A bifurcation technique, due to X. Chen, M. Pȃun, and Y. Zeng [47] , must be used since the differential of the map used has a kernel. Uniqueness then follows from the strict convexity of M tµ . The corresponding deformation result for the Sasaki-extremal case is given in Proposition 4.4.3. The proof is similar, but more technicalities involving automorphism groups and the relative K-energy M V need to be addressed. Uniqueness again follows from the strict convexity of a deformed functional
where here the functional is defined on potentials H G . Uniqueness can be slightly generalized. We say that a manifold with a transversely holomorphic foliation with one dimensional leaves (M, F , J) is of Sasakian type if it admits a Sasakian structure with (F , J), with its transversely holomorphic structure J as its Reeb foliation. The next result shows that for such a foliated manifold (M, F , J) a compatible Sasaki-extremal structure is unique up to homotheties and varying the contact form by harmonic representatives of
are two Sasaki-extremal structures compatible with (M, F , J), then there is a g ∈ Fol(M, F , J) and an a > 0 so that g * aω
More precisely, in the Corollary we have
. This result solves the uniqueness problem of Sasaki-extremal structures for a fixed transversely holomorphic foliation, since varying the contact form η with a harmonic representative of an element of H 1 b (M, R) = H 1 (M, R), does not effect the scalar curvature or the transversal metric.
The above techniques give results in the α-twisted setting. This approach has shown promise in tackling problems in Kähler geometry [18] , so it is of interest in Sasakian geometry. Let α be a closed, basic, positive (1, 1)-form. The α-twisted transversal scalar curvature of (η, ξ, Φ, g) is
A Sasakian metric is twisted cscS if (2) is a constant, and a Sasakian metric is twisted Sasaki-extremal if (2) is the potential of a transversely holomorphic vector field.
We are able to prove a partial uniqueness result for twisted Sasaki-extremal structures.
It has been pointed out to the author that some of the same results are in the article of Xishen Jin and Xi Zhang [31] , though this work was done entirely independently.
2. Saakian geometry and transversal space 2.1. Sasakian manifolds. We review some of the properties of Sasakian manifolds that we will use. See the monograph [11] for details.
) is a Sasaki manifold, or has a compatible Sasaki structure, if the metric cone (C(M ), g) = (R >0 × M, dr 2 + r 2 g) is Kähler with respect to some complex structure I, where r is the usual coordinate on R >0 .
Thus dim M is odd and denoted n = 2m + 1, while C(M ) is a complex manifold with dim C C(M ) = m + 1.
We will identify M with the {1} × M ⊂ C(M ). Let r∂ r be the Euler vector field on C(M ). Using the warped product formulae for the cone metric g [40] it is easy check that r∂ r is real holomorphic, ξ is Killing with respect to both g and g, and furthermore the orbits of ξ are geodesics on (M, g). Define η = 1 r 2 ξ g, then we have
From (4) we have
Then (5) implies that η is a contact form with Reeb vector field ξ, since η(ξ) = 1 and L ξ η = 0. Let D ⊂ T M be the contact distribution which is defined by (6) D x = ker η x for x ∈ M . Furthermore, if we restrict the almost complex structure to D, J := I| D , then (D, J) is a strictly pseudoconvex CR structure on M . We have a splitting of the tangent bundle T M
where L ξ is the trivial subbundle generated by ξ. It will be convenient to define a tensor Φ ∈ End(T M ) by Φ| D = J and Φ(ξ) = 0. Then
Since ξ is Killing, we have
and Φ(X) = ∇ X ξ, where ∇ is the Levi-Civita connection of g. Making use of (8) we see that
and one can express the metric by
We will denote a Sasaki structure on M by (g, η, ξ, Φ).
2.2. Transversal holomorphic structure. We now describe a transverse Kähler structure on F ξ . The vector field ξ − √ −1Iξ = ξ + √ −1r∂ r is holomorphic on C(M ). If we denote byC * the universal cover of C * , then ξ + √ −1r∂ r induces a holomorphic action ofC * on C(M ). The orbits ofC * intersect M ⊂ C(M ) in the orbits of the Reeb foliation generated by ξ. We denote the Reeb foliation by F ξ . This gives F ξ a transversely holomorphic structure.
The foliation F ξ together with its transverse holomorphic structure is given by an open covering {U α } α∈A of M by product neighborhoods. That is, there are charts
, τ α ) and the leaves are locally given by φ −1 α (z) for z ∈ W α . And we may assume that ξ is mapped to ∂ t in the coordinates 
In working on the transversal space we work on the charts {W α } α∈A with their Kähler structure invariant under the transitions φ βα . But it will also be useful to consider basic functions and tensors. If we define ν(F ξ ) = T M/L ξ to be the normal bundle to the leaves, then we can generalize the above concept.
It is sufficient to check this for V = ξ. Then g T and ω T are such tensors on ν(F ξ ). We will also make use of the bundle isomorphism π : D → ν(F ξ ), which induces an almost complex structure J on ν(F ξ ) so that (D, J) ∼ = (ν(F ξ ), J) as complex vector bundles. Clearly, J is basic and is mapped by the foliation charts φ α to the complex structure on W α . In the sequel we will denote the almost complex structure on ν(F ξ ) by J and denote the Reeb foliation with its transversal holomorphic structure by (F ξ , J). To work on the Kähler leaf space we define the Levi-Civita connection of g T by
we have the curvature of the transverse Kähler structure
Z, and similarly we have the transverse Ricci curvature Ric T and scalar curvature S T . The following follows from O'Neill tensor computations for a Riemannian submersion. See [39] and [7, Ch. 9] .
Here we define S g (respectively S T ) to be 1/2 the trace of Ric g with respect to g (respectively 1/2 the trace of Ric T with respect to g T ) to simplify notation later on.
We define S(ξ, J) to be the set of Sasakian structures with Reeb vector field ξ and with the holomorphic structure J on the Reeb foliation F ξ . In other words, the set of Sasakian structures inducing the same complex normal bundle (ν(F ξ ), J). This is the set of (g,η, ξ,Φ) ∈ S(ξ) such that the following diagram commutes (16)
The next lemma describes S(ξ, J) in detail. Define 13] ). The space S(ξ, J) of all Sasaki structures with Reeb vector field ξ and transverse holomorphic structure J is an affine space modeled on
) is a fixed Sasaki structure then another structure (g,η,ξ,Φ) ∈ S(ξ, J) is determined by real basic functions φ and ψ and an harmonic, with respect to g, 1-form α such that η = η + 2d c φ + dψ + α,
and the transversal Kähler form becomesω
Proof. We give only a sketch. See [11] for details. The 1-form γ =η −η is basic, and since dγ ∈ Γ(Λ 
, where the latter is the space of real harmonic 1-forms on (M, g). This is because a β ∈ Γ(Λ 1 (M )) satisfying dβ = 0 and L ξ β = 0 must be basic.
It is easy to check that the parameter ψ in (17) changes the structure only by a gauge transformation along the leaves. That is, if
Altering by a harmonic form likewise does not effect the transversal metric, so it will not be of much interest.
Given φ ∈ H ω T we define the transversal Kähler deformation of (g, η, ξ, Φ) to be the Sasakian structure given in the lemma, which we will denote (g φ , η φ , ξ, Φ φ ). We will denote by ω This article is concerned with constant scalar curvature Sasakian structures (cscS) and more generally Sasaki-extremal structures. By Proposition 2.2.2 the scalar curvature S g and the scalar curvature of the transversal structure S T g differ by a constant, both these conditions are given by the transversal Kähler structure.
Let fol(M, F ξ , J) be the space of vector fields preserving the Reeb foliation along with its transversal holomorphic structure. The corresponding group is denoted by Fol(M, F ξ , J). This is an infinite dimensional group, since any vector field tangent to the leaves is in fol(M, F ξ , J). So we define hol T (ξ, J) to be the image of
which is a finite dimensional complex Lie algebra. We will use hol T (ξ, J) to denote both transversally holomorphic (1, 0) vector fields, or transversally real holomorphic vector fields depending on the context.
In order for ∂ # g φ ∈ hol T (ξ, J), transversely holomorphic, we need in addition
. This is equivalent to the fourth-order transversally elliptic equation
We define the space of holomorphy potentials to be H g := ker L g . We define the Calabi functional
Definition 2.2.4. A Sasakian structure (g, η, ξ, Φ) is Sasaki-extremal if it is a critical point of the Calabi functional. Equivalently, ∂ # S g is transversally holomorphic.
See [13] for the proof that the two conditions are equivalent. A function u : W → R∪{−∞} on an open set W ⊂ C m is quasi-plurisubharmonic if it can locally be written as the sum of a plurisubharmonic function and a smooth function. Recall that a function u on W is plurisubharmonic if (i) u is upper semicontinuous;
Let θ be any closed basic (1, 1)-form.
Definition 2.2.5. A function u : M → R ∪ {−∞} is said to be transversally θ-plurisubharmonic (θ-psh) if u is invariant under the Reeb flow, is upper semicontinuous, in each foliation chart W α u is quasi-plurisubharmonic and
Because a function u ∈ PSH(M, θ) is defined to be θ-psh in each holomorphic foliation chart W α most of the familiar properties translate into this situation. For
See [23] . The following approximation result will be useful.
The proof will mostly follow from the following.
Theorem 2.2.7 ([8])
. Let X be a complex manifold with a positive hermitian form ω and γ a continuous (1, 1)-form on M . Let φ ∈ PSH(X, γ) be locally bounded. Then for any relatively compact open X ′ ⊂ X we have a decreasing sequence ε j ց 0 and a sequence φ j ∈ PSH( 
) be the torus generated by ξ. By averaging by T we may assume that ψ j are invariant by ξ.
Suppose that ψ ∈ C ∞ (X ′ ) is invariant under ξ. Routine calculation shows that the complex hessian at a point of
Introduce the coordinate t = log r so ∂ t = r∂ r . Then substituting (∂ t , ξ) into the above inequality gives ε j + ∂ 2 t ψ j ≥ 0. Thenψ j = ψ j + ε j t 2 is convex with respect to t and converges uniformly to (24) and (25) on M we have
After possibly passing to a subsequence of ψ j there are constantsε j ց 0 with
Without loss of generality we may assume that φ ≤ −1. Then we have λ j = 1 +ε j , λ j ց 1, and negative
2.3.
Monge-Ampère operator. We will define a transversal version of the MongeAmpère operator on transversally quasi-plurisubharmonic functions on M . This will be needed to define weak geodesics in the space of Sasakian structures. It will also be needed to define necessary energy functionals on weak structures, in particular the Monge-Ampère energy and the Mabuchi K-energy.
We can define a transversal current T on the foliation F ξ to be a collection
Since that transition maps (13) are holomorphic, we define T to have bidegree (p, q) if each T α has bidegree (p, q),
. Similarly, we define the notions of a closed transversal current, respectively a positive current, to be transversal currents with each (W α , T α ) closed, respectively positive.
If θ is any basic closed (1, 1)-form, and u ∈ PSH(M, θ), then θ + dd c u is a closed positive (1, 1) transversal current. Suppose that u ∈ PSH(M, θ) ∩ L ∞ and T is a closed positive transversal current of bidegree (p, p). One can employ the BedfordTaylor [3] construction to define the closed, positive, degree (p+ 1,
This is of course defined in each chart W α , as follows.
One can check that this is independent of w.
a positive, bidegree (m, m) current defined in each W α . It therefore defines a Radon measure in each W α , invariant under the transitions (13) .
We define the Monge-Ampère operator as follows. We define the measure, denoted
to be the product measure on U α ∼ = W α × (−ǫ, ǫ) given by the chart (11). It is easy to see that this is invariant of the transition maps (12) . This is easy to see using Fubini's theorem, and the invariance of (θ + dd c u 1 ) ∧ · · · ∧ (θ + dd c u m ) under the holomorphic transitions (13) .
The Monge-Ampère operator is defined as locally a product, so many of the usual properties of the usual Monge-Ampère operator on complex manifolds hold. The most important will be weak convergence under several cases of convergence of function. 
where u 0 is transversal quasi-psh and bounded and u 1 , . . . , u m ∈ PSH(M, θ)∩L ∞ , when the convergence u j k → u k for each k is one of the following.
• u j k decreases pointwise to u k .
• u j k increases to u k a.e. with respect to Lebesgue measure.
• u j k converges to u k uniformly on M . We note that if T is a closed positive transversal current of bidegree (m−1, m−1) and u, v are bounded transversal quasi-psh then du ∧ d c v ∧ T ∧ η can be defined. We may suppose u ≥ 0 and define
and the general case can be defined by polarization. In particular, du∧d c u∧T ∧η ≥ 0 and we have the analogous convergence as in Theorem 2.3.1.
Integration by parts formulae will be useful.
Let v, w each be differences of continuous transversally quasi-psh functions, and let
Proof. By assumption v = q − r, w = s − t with q, r, s, t quasi-psh. By Proposition 2.2.6 q, r, s, t, u 1 , . . . , u m−1 can be approximated by decreasing sequences of smooth transversally quasi-psh functions. The above equations hold for these approximations by Stoke's theorem. Then the result follows from Theorem 2.3.1.
Weak geodesics.
We are primarily concerned with applications of the MongeAmpère operator to weak geodesics in H. We describe the weak Riemannian structure on H. Given φ ∈ H and
There is a torsion free connection compatible with this metric. Given a smooth path {φ t |a ≤ t ≤ b} in H a vector field along {φ t } can be identified with a smooth path
The geodesic equation is then
for a smooth path {φ t |a ≤ t ≤ b} ⊂ H. We define the Monge-Ampère energy to be the potential E : H → R with derivative
which is easily seen to be closed. So we may define
where {φ t | 0 ≤ t ≤ 1} is a smooth path in H with φ 0 = 0, φ 1 = φ. Define
If K denotes the space of Sasakian structures associated to H, then we have an isomorphismH
A geodesic in K is defined to be a geodesic inH.
Let A = {τ ∈ C | 1 ≤ |τ | ≤ e}, then N := M × A is a manifold with boundary, with a transversely holomorphic foliation. The foliation charts are as in (11). If V ⊂ A, then the charts are
with W α × V giving the local holomorphic leaf space.
If {φ t } is a smooth path in H then a routine calculation shows that
We can define a weak geodesic between φ 0 , φ 1 ∈ H as follows.
(32)
We assume Φ ∈ C 0 (N ) merely because it is the weakest regularity we will consider. The best regularity for a solution of the Dirichlet problem (32) is due to P. Guan and Xi Zhang [29] . We define C 1,1
w (N ). We only have weak regularity to the non-elliptic problem (32), so for ǫ > 0 we define a path {φ t | 0 ≤ t ≤ 1} in H to be an ǫ-geodesic if
An ǫ-geodesic is necessarily a smooth path in H, since it is a solution to the transversely elliptic problem
It follows from the proof in [29] and the maximal principle proved below that there are smooth ǫ-geodesics Φ ǫ monotonically decreasing in ǫ > 0 and Φ ǫ → Φ, the weak solution in Theorem 2.4.1, weakly in C 
Proof. Suppose v = q − r has compact support where q, r are quasi-psh, and we may assume q, r ≤ −1. Let f (τ ) = (log |τ |) 2 − log |τ | a strictly psh function on A vanishing on ∂A. Choose M > 0 large enough that q, r > M f outside of the interior of U = {x ∈ N | q(x) = r(x)}. If we defineq = max{q, M f } and r = max{r, M f }. Let W ⊂ N \ ∂N be a relatively compact open neighborhood containing {q ≥ M f } ∪ {r ≥ M f }. Proposition 2.2.6 gives decreasing sequences of smooth transversely quasi-psh q i and r i on W with q i ց q and r i ց r. The sequences can be chosen so that We prove weak maximal principle first. Let θ be a basic positive (1, 1)-form on N .
This is because
Then the integral of (35) is zero by Proposition 2.5.1. Since u ǫ decreases to u − δ on Ω, weak convergence of measures gives
The result then follows by taking δ → 0 and applying monotone convergence.
A consequence is that solutions u ∈ PSH(N, π * θ) ∩ C 0 (N ) to the transversal homogeneous Monge-Ampère equation (36) (π
are maximal. By maximal we mean that given any neighborhood U ⊂ N invariant under the Reeb flow, if v ∈ PSH(U, π
We may replace π
and subtract f from u and v. Thus we may assume that u ∈ PSH(N,θ) ∩ C 0 (N ) withθ a basic strictly positive, closed, (1, 1)-form. For δ > 0 small
This clearly implies uniqueness of continuous solutions u ∈ PSH(N, π * θ) ∩ C 0 (N ) to (36) with fixed u| ∂N ∈ C 0 (∂N ). This also follows from the strong maximal principle which we prove next.
The following formula, due to J-P Demailly: for s, w ∈ PSH ∩L
In order to simplify notation, in the following we will denote π * θ by θ and θ+dd c u by θ u , etc.
Setting φ to be u ǫ and ψ to be v + ǫ, we have φ = ψ near ∂N and φ ≥ ψ on N . We will show that φ = ψ, which implies the theorem by taking ǫ → 0.
Set
which implies that
for j = 0, . . . , m. We will prove that
We will prove inductively in k = 0, . . . , m that
This holds for k = 0. Assume that it holds for 0, . . . , k − 1.
Thus we have
. From (37) and Proposition 2.5.1
But we can bound the right-hand-side by
By the Schwartz inequality
Similarly,
Thus from (39) and (40) we have
since it is positive.
Energy functionals
We will define important functionals on the space of potentials H and consider their extensions to potentials of weak regularity. Fix a Sasakian structure (η, ξ, Φ, g) on M .
3.1. Monge-Ampère energy. We define the Monge Ampère energy
We will show that this is the same as the Monge Ampère energy defined in (29) for u ∈ H. But the definition in (41) 
. Let α be a basic, closed, (1, 1)-form on M . We define the α-energy to be
which is also defined for any
Proof. Let w = u 2 − u 1 . Then
Then by Proposition 2.3.2
and the first equation follows. The proof of the second equation is completely analogous.
Note that this implies that both functionals are continuous along C 0 paths in
Proof. Consider the first equation. Fix v and denote the right-hand expression by F (u). Applying Proposition 3.1.1 with ω
And since both F (·) and E(·)−E(v), both vanish at v the result follows. The second equation follows from a completely analogous argument.
Proof. From Corollary 3.1.2 we have for fixed t
converges uniformly tou t , thus the formula follows from the weak converges of measures given in Theorem 2.3.1. The same argument gives the second formula.
We consider the second variation.
where the integration on the right-hand-side denotes the push-forward of currents under the projection M × A → A, which is the fiberwise integral if the integrand is sufficiently regular.
Proof. If σ : N = M × A → A is the projection, as a current on A we have
And a similar argument proves the second formula.
, then the integrands in the proposition are differential forms with L ∞ coefficients. Thus the push-forward is ordinary integration along the fibers.
Mabuchi K-energy. The Mabuchi K-energy is a functional is indispensable
in Kähler geometry, as its critical points are constant scalar curvature metrics. It has been defined on Sasakian manifolds also [28] . The Mabuchi K-energy is the functional M : H → R with derivative
where the average
is independent of the transversal metric. b . The metric denoted in each chart by e −Ψα , i.e. its value on the canonical section. Thus
Then −Ψ α is the metric on the transversal anti-canonical bundle, or rather its weight, while the metric in local coordinates is e Ψα . More generally, given any measure µ absolutely continuous w.r.t. dµ η = (ω T ) m ∧ η, and invariant under the Reeb flow, we have Ψ In the sequel we will assume µ 0 the measure induced by dµ η = (ω T ) m ∧ η. We give an alternative formula for the Mabuchi energy, first given in [19] in the Kähler case.
where
The functional M is easily seen to be extended to
One can check that this definition coincides with the above on H, by differentiating (54) along smooth paths, which give the formula in (52).
3.3.
Convexity of the Mabuchi K-energy. We prove Theorem 1 in this section, that M(u t ) is convex along a weak C 1,1 w geodesic. First we prove that as a current on A, M(u τ ) is positive. The proof follows the same basic approach as that of R. Berman and B. Berndtsson [41] in the Kähler case, but because one has to be careful when considering currents and weak differentiation in the transversal holomorphic foliation situation, we give a complete proof. The proof is based on properties of local Bergman kernels.
We recall that given a complex manifold X, not assumed to be compact, with a line bundle L and a bounded metric φ, the Bergman kernel K kφ is the restriction to the diagonal of the section of kL + K X ⊗ kL + K X giving the reproducing kernel. For the L 2 norm we take
where σ ∈ Γ(kL + K X ). Contracting by the metric on kL gives a measure (55)
where dim X = m.
The following convergence result is used. See [41] for the proof. w . If dµ denotes Lebesgue measure, then on any relatively compact subdomain E ⊂ B we have β k ≤ C E dµ. And after passing to a subsequence
for almost all x ∈ B. Thus β k → (dd c φ) m in total variation norm.
In the following theorem D ⊂ C is only required to be a smoothly bounded domain. 
is weakly subharmonic with respect to τ ∈ D. In particular, if {u t } is a weak geodesic connecting two elements of H then M(u t ) is weakly convex.
Proof. Let Ψ = Ψ(τ, x) = ψ τ (x) be a possibly singular bounded metric on Λ
First we claim that as a current on D
where T is a transversal (m+1, m+1) current on N . Part of the problem is to show that T is positive and thus defines a measure on N . If v ∈ C ∞ 0 (D) and ̟ : N → D is the projection, then by (57) we mean
Let Ψ j be a sequence of uniformly bounded smooth metrics Ψ j → Ψ almost everywhere on M for each τ ∈ D. This sequence can be constructed by taking convolutions in each foliation chart as in (31) with a subordinate partition of unity. In order to get basic metrics Ψ j one must average by the torus T ⊂ Aut(η, ξ, Φ, g) generated by ξ. Making use of Proposition 3.1.4 we compute
and since M T j → M T weakly as currents by Lebesgue dominated convergence, and likewise f Ψj → f Ψ pointwise, we have (57). Let Θ j = dd c Ψ j . We extend T to be a transversal current on N by
This is a priori not defined for all test functions. The proof will proceed by showing when Ψ is the metric induce by (ω
m is a positive current, and so T defines a positive Radon measure on N . We want to consider the singular metric ψ τ = log(π * ω T + dd c u τ ) m , but an additional problem is that it is not locally bounded. Fix A > 0 and define
where χ is a fixed continuous metric on Λ m,0 b that we will define. We will prove that the transversal (m + 1, m + 1) current
and dd c M(u τ ) ≥ 0 as a current.
In order to satisfy (59) first let χ 0 be an arbitrary smooth metric on Λ m,0 b , and choose k 0 ∈ N large enough that
We next prove that T A ≥ 0 in local foliation charts. This will follow from a local approximation of the metric Ψ A by Bergman densities. Consider a fixed transversal holomorphic chart
for a plurisubharmonic function on W α × V . We will denote φ τ = Φ(,τ ). Let β k be the Bergman measure for the Hilbert space of holomorphic functions on the unit ball B ⊂ W α ⊂ C m with weight kφ τ . Consider the transversal current
By Since by (59) we have dd
And finally, by Theorem 3.3.1
pointwise almost everywhere on M for all τ ∈ D in a dominated fashion. Thus (60) holds, and the proof is complete.
It remains to show that when {u τ } is a weak geodesic, so D = A = {τ ∈ C | 1 ≤ |τ | ≤ e} and u τ depends only on |τ | = e t , that M(u t ) is convex in the pointwise sense and thus continuous. Proof. Let Ψ A be defined as above. We will prove that f ΨA is convex and continuous. Then f Ψ will be convex by taking A → ∞. Let κ ǫ : R → R, for ǫ > 0, be a sequence of strictly convex functions with κ We will prove that f ΨA ǫ is convex for all ǫ > 0. Note that by the argument in the last theorem f ΨA ǫ is weakly convex. Let {σ α } be a partition of unity subordinate to the covering of M by foliation charts {U α }. And consider the local entropy functions
whereσ α is σ α integrated along the leaves. Define H k α by replacing Ψ A by its approximation by local Bergman kernels
and use the plurisubharmonic variation of Bergman kernels [5] , the strict convexity of κ ǫ , and the fact that dd c commutes with the push-forward W α × A → A to get
2 is convex by dominated convergence. Summing over α gives that
is convex and thus continuous. Therefore f ΨA ǫ is continuous and poinwise convex, and f ΨA is convex by dominated convergence.
We now prove Corollary 3. 
Proof. Let µ = (ω T ) m ∧ η. H µ is convex on measure with volume Vol(µ). Set
(62)
We take the limit of t to zero and apply Theorem 2.3.1
Then the energy part of (54) differentiates as in Corollary 3.1.3 completing the proof.
We now can prove Corollary 3. By the sub-slope property of convex functions
by the Cauchy-Schwartz inequality. But the distance
4. Uniqueness of constant scalar curvature structures and extremal structures 4.1. Automorphism groups. We will need some facts about the Lie algebra hol T (ξ, J) and automorphism groups of C(M ) when S(ξ, J) admits an extremal structure. The following was proved in [13] , and [45] giving the last statement.
Theorem 4.1.1. Let (η, ξ, Φ, g) ∈ S(ξ, J) be a Sasaki-extremal structure. Then we have the semidirect sum decomposition
where a is the Lie algebra of parallel, with respect to g T , sections of ν(F ξ ). And we also have
where g = aut(g, η, ξ, Φ)/Rξ is the image under ∂ # g of the imaginary valued functions in H g and h λ = {X ∈ hol
Furthermore, the connected component of the identity G = Aut(η, ξ, Φ, g) 0 ⊂ Fol(M, F ξ , J) is a maximal compact connected subgroup. And any other maximal compact connected subgroup is conjugate to G in Fol(M, F ξ , J).
We will need the following definition from [28] . Definition 4.1.2. A complex vector field X on a Sasakian manifold M is Hamiltonian holomorphic if (i) X is basic, i.e. on each chart U α it projects, and π α (X) is holomorphic on
potential h V , while as an element of hol T (ξ, J) 0 the potential of V is unique up to a constant. The next observation is important.
Ham with Re V h preserving η, and thus (η, ξ, Φ, g), if and only if up to a constant h ∈ C ∞ b (M, √ −1R).
We fix some important notation. Let H be the connected group with Lie algebra h Ham , and let G ⊂ H be a maximal connected compact subgroup. We may assume, by taking G-averages, that we have a G-invariant structure (η, ξ, Φ, g). Let K ⊆ G be connected compact, and let k, g be their Lie algebras. We also define
• z = Z(k), the center of k,
We denote the corresponding space holomorphy potentials to be
We have the injection
Proposition 4.1.5. The inclusion (65) is surjective, so we have an isomorphism of Lie algebras
If we average with respect to Haar measure on K, we get a K-invarianth W so thatĥ
Suppose that (η, ξ, Φ, g) is a Sasakian structure with G = Aut(g, η, ξ, Φ) 0 ⊂ Fol(M, F ξ , J) a maximal compact subgroup. This is equivalent to requiring that G ⊂ H is maximal compact. Here we are taking K = G in the above notation. We have an orthogonal decomposition using the volume form
The extremal vector field is defined to be
One can check that V is independent of the of the G-invariant Sasakian structure in S(ξ, J). See [27] , where the arguments can be applied in the Sasakian case also. We define the reduced scalar curvature to be
). Note that a G-invariant structure in S(ξ, J) has vanishing reduced scalar curvature if and only if it is Sasaki-extremal.
Next suppose (η, ξ, Φ, g) is Sasaki-extremal. Then G = Aut(η, ξ, Φ, g) 0 is a maximal compact subgroup of H. Furthermore, if it is cscS, then H is the complexification of G. Let P := N H (G) 0 be the connected component of the identity of the normalizer of G in H. Define Z ′ = C H (G) 0 , the identity component of the centralizer of G in H, and Z 0 = Z ′ ∩ G.
Proposition 4.1.6. Let (η, ξ, Φ, g) be cscS (respectively Sasaki-extremal), then its orbit O = H/G (respectively its orbit under P , O P = P/G = Z ′ /Z 0 ) is a symmetric space with the Riemannian structure induced by O ⊂H (respectively O P ⊂H G ). It follows that the exponential map
We define a path
thus C t = 0, and the lemma is proved. One can check that for g ∈ H
is an isometry of K. By Theorem 4.1.1, in the cscS (respectively the Sasakiextremal) case (H, G) (respectively (Z ′ , Z 0 )) is a symmetric pair. Proposition 4.1.5 shows that in the Sasaki-extremal case the orbit O ∼ = p/g is isomorphic to
induce a homogeneous Riemannian structure on O (respectively O P ). Then in both cases 
Modified Mabuchi functional.
We will consider several modification to the Mabuchi functional. The first is useful because the Mabuchi energy M is not known to be strictly convex on weak geodesics. The other cases give Mabuchi functionals characterizing constant α-twisted scalar curvature and Sasaki-extremal structures.
Let µ be a smooth, strictly positive volume form on M , which for simplicity we assume to be invariant of the Reeb flow. We define
where c µ > 0 is chosen so that
More precisely, if ω
b > a, whereĈ > 0 depends only on C, µ, ω t , and M .
Proof. First suppose that {u t } is a smooth subgeodesic,
where the last step in the Poincaré inequality and c t is the average ofu t with respect
where b t is the average ofu t with respect to (ω T ut ) m ∧ η. Combining these and integrating gives
Now suppose that u t is merely a weak C For the second twisting, let α be a basic, closed, strictly positive (1, 1)-form. Define
where c α > 0 is chosen so that F α (1) = 0. From Proposition 3.1.4 F α is convex along any weak geodesic in PSH(N, π * ω T ) ∩ C 0 (N ). It is further, strictly convex along smooth geodesics. If {u t } is a smooth path in H a straightforward calculation gives
) is cscS (respectively Sasaki-extremal), then F µ is proper restricted to the orbit O of H (respectively O P of P ) and has a unique minimum.
Proof. Let µ and ν be smooth strictly positive volume forms both with the same total mass on M .
We fist consider the case with µ = dµ ω T = (ω T ) m ∧ η. Let φ ∈ H be normalized so that M φ dµ ω T = 0. We have ∆φ ≥ −m and by Green's formula
Suppose that µ ω T and ν have the same total mass on M , with ν = f µ ω T , f > 0. Define φ + = max(φ, 0) and φ − = max(−φ, 0), so φ = φ + − φ − . We have
whereĈ > 0 depends on C, an upper bound on f , and Vol(µ ω T ). Then if µ is any smooth strictly positive measure, with the same total mass as ν, it is easy to see that there is a constant C so that
If µ = µ ω T then ω T is a critical point of F µ on the orbit O (respectively O P ). Since the exponential map is onto by Proposition 4.2.1 F µ is proper on O (respectively O P ). By (74) if ν is any smooth strictly positive measure with the same total mass, then F ν is proper also. Since for c > 0, F cν = cF ν , the proof is complete.
4.3.
Uniqueness of cscS structures. In this section we will prove that the convexity of the K-energy implies the uniqueness of cscS metrics up to automorphisms. More precisely we prove Corollary 2. Since the K-energy M is not known to be strictly convex on weak geodesics we will modify the K-energy functional. Let µ be a smooth strictly positive measure invariant under the Reeb flow. We define the modified Mabuchi functional
The main step in the uniqueness is the following.
Proposition 4.3.1. Suppose (η, ξ, Φ, g) is cscS. Then there exists a structure g * (η, ξ, Φ, g) = (η φ0 , ξ, Φ φ0 , g φ0 ) in the orbit of H and a smooth path, starting at
The proof involves a bifurcation technique first used by S. Bando and T. Mabuchi [2] in their uniqueness proof of Kähler-Einstein metrics. More recently, it was used again by X. Chen, M. Pȃun and Y. Zeng [47] to prove the uniqueness of extremal Kähler metrics.
Proof. By Proposition 4.2.2 there is a unique minimum
) m ∧ η and define
We have a splitting
where π 2 is projection onto H ⊥ φ0,k dµ φ0 . Since dΠ| (0,0) is bijective, we apply the implicit function theorem to get ǫ > 0 so that u C k,α b < ǫ, t < ǫ implies that there
Differentiating (79) with respect to t gives
while differentiating with respect to u gives
To complete the proof we will need a technical lemma. For φ ∈ H we define a bilinear form
We refer the reader to [47] for the proof of the following.
We define
Then (80) gives
Substituting into (83) we have
The proof is straight forward. See for example [27] . Note that for the extremal vector field V h V φ is real valued for φ ∈ H G , since Im W ∈ g. We define E V on H G as the unique functional with
This form is well-known to be closed. Thus the definition
where {φ t | 0 ≤ t ≤ 1} is a smooth path in H G with φ 0 = 0 and φ 1 = φ, is path independent. There is a closed form formula for E V , found by integrating (86) along linear paths, (87)
One can then uniquely extend
This functional is then continuous in C 1 by Theorem 2.3.1. w to {u t | 0 ≤ t ≤ 1}; in particular, they converge in C 1 . Given any smooth path {w t } in H we have
By Theorem 2.3.1
And from (89) there is a constant C > 0 so that
Since we do not have strict convexity for M V it will again be necessary to modify it. So we define
for t ∈ [0, ǫ), where we now assume that µ is a smooth strictly positive G-invariant volume form.
Uniqueness of Sasaki-extremal structures will follow from the following, whose proof is similar to Proposition 4.3.1 Proposition 4.4.3. Suppose (η, ξ, Φ, g) is Sasaki-extremal Then there exists a structure g * (η, ξ, Φ, g) = (η φ0 , ξ, Φ φ0 , g φ0 ) in the orbit of P and a smooth path, starting at φ 0 , φ ∈ C ∞ b ([0, ǫ) × M ) with φ t = φ(t, ·) ∈ H and φ t a critical point of M V,tµ .
Proof. As before, by Proposition 4.2.2 there is a unique minimum φ 0 ∈ H G of F µ restricted to the orbit O P of P . If we denote by h V the normalized holomorphy potential for V with respect to ω T , then h V = S g − S, while for φ ∈ H G the holomorphy potential with respect to ω
And we define a map
But as before But
As before the implicit function theorem gives Ψ(u, t) ∈ H ⊥,G φ0,k such that
Differentiating with respect to t gives
while differentiating with respect to u gives 0) . Then the same computation as in Proposition 4.3.1 ∂ ∂uP
Using that (95) gives
where f is defined in (84), we get as before ∂ ∂uP
. By the implicit function theorem there exists u t ∈ H G φ0 with P (u t , t) = 0 and
We now prove Corollary 4. First we apply the last part of Theorem 4.1.1 act by an element of Fol(M,
The rest of the proof of Corollary 4 is nearly identical to that of Corollary 2. One just makes use that E V is affine along weak geodesics. We now prove Corollary 5. Let {φ t } be the weak C
Note that for φ ∈ H G , if we denote by S We now prove Corollary 6. Let (η 0 , ξ 0 , Φ 0 , g 0 ), (η 1 , ξ 1 , Φ 1 , g 1 ) be two Sasakiextremal structures with Reeb foliation F with its given transversely holomorphic structure.
We consider the leafwise cohomology defined by the complex
where for f ∈ C ∞ (M ), d F f = df | T F . Any contact form η of a Sasakian structure compatible with F , with its holomorphic structure defines a class [η] F ∈ H 1 (F ). H 1 (F ) can be identified with the component E 0,1 1 (F ) of the E 1 -term of the spectral sequence associated with F (cf. [32] ). Then E Define η t = η 0 + t(aη 1 − η 0 ) and define X t ∈ C ∞ (T F ) by η t (X t ) = f . Then if Ψ t is the flow of X t , an easy computation shows d dt Ψ * t η t | T F = 0.
So η 0 | T F = aΨ * 1 η 1 | T F . It follows that a > 0 and Ψ * 1 (η 1 , ξ 1 , Φ 1 , g 1 ) = (a −1η , aξ 0 ,Φ,ĝ). Given a Sasakian structure (η, ξ, Φ, g) the transverse homothety by a > 0 is the Sasakian structure (η a , ξ a , Φ, g a ) with η a = aη, ξ a = a −1 ξ, Ψ a = Ψ, g a = ag + (a 2 − a)η ⊗ η.
Since g Results on the α-twisted case. We prove uniqueness results for twisted constant scalar curvature metrics and, more generally, twisted extremal metrics. These metrics have been of interest in Kähler geometry [44, 18] as a possible approach to the general existence problem of constant scalar curvature metrics and their connection to geometric stability.
In this section α will be any smooth, basic, strictly positive (1, 1)-form on M . A Sasakian structure (η, ξ, Φ, g) has constant α-twisted scalar curvature if unless u is constant. Since dG| φ0 transversely is elliptic, it is Fredholm. And since it differs from ∆ 2 φ0 by a compact operator its index is zero, and is therefore an isomorphism.
Define
Thus dG| φ0 (u, a) = dG| φ0 (u) + a(dµ − (ω
is an isomorphism. The implicit function theorem then gives a path {φ t | t ∈ [0, ǫ)} in H with φ t a critical point of M α,tµ . The proof is completed just as that of Corollary 2 using that F α is convex along weak geodesics.
A Sasakian structure (η, ξ, Φ, g) is α-twisted extremal if S T g − tr ω T α = H g . Thus the left hand side is h V + C α , where h V is the normalized holomorphy potential. Since it is a real potential, ∂ # h V = V ∈ h Ham has Im V preserving (η, ξ, Φ, g). Taking the Lie derivative gives ∆ ω T Im V (ψ) = 0, which implies Im V (ψ) = 0.
We are able to prove a partial uniqueness result for α-twisted extremal structures by modifying the proof of Theorem 4.5.1. 
